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LLoss of regularity

e Nonlinear conservation law:

orp + 0 A(p) = 0, a(p) .= A'(p) # Const.
® C1 initial data p(z,0) = pg(x)
e Shock discontinuities:

Cl-smoothness breakdown at a finite time ¢t = te.

e Generic: te~ —1/0za(po(x)) >0



Gain of regularity: 0:p + 0:A(p) = O, a(p) ;= A'(p)
e Nonlinearity: A(p) is convex — A"(:) =ad'(:) > a >0
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4 4

y1 =1 —ta(p1) yo = a2 —ta(po)

Yy2 — Y1
ro —T1

V

e Entropy solution: 0=
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e Olienik condition: pgz(t,z) < é; dispersive effect

e Regularizing effect: S(t) : L°° — BV; compactness, irreversibility, ...

® Compensated compactness: Tartar — a/(p) # 0 a.e.



Analysis of nonlinear conservation laws

e BV compactnhess — translation invariance; mostly 1D

e Compensated compactness — restricted to 141 D; but ...

Otp + Or1 A1(p) + 02y A2(p) = O
® Nonlinearity: (E & Engquist, Bagnerini, Rascle & ET):
If meas{v | £&1a1(v) + &p2ax(v) =0} =0 == S(t) is compact
e Measure valued solutions — restricted to scalar eq’s

e Averaging velocity lemma — kinetic formulation



Plan of talk

e Kinetic formulation

e Averaging lemma for first and second order eq’s
e Regularizing effects:

® nonlinear conservation laws

® convection-(degenerate) diffusion
® elliptic eq’s

Joint work w/T. Tao



Second-order eq’s and their Kinetic formulations

d d
> 00 A5(p) = Y 974, Bjr(p) = S(p)
j=0 jk=1

@ Conservation laws: Ag(p) = p, Bjp =0

®» Degenerate diffusion, convection-diffusion: {B;k} >0
® Elliptic: Aj =0

e On a proper notion of a (weak) solution

0] otherwsise

+1 O<v<p
e Kinetic formulation: pseudo-Maxwellian x,(v) :=¢ -1 p<v<O0

e “macroscopic”’ p(xz) = average of its “microscopic” distribution: p = / xp(v)dv
v

e velocity averaging: A(p) = /Ua(v)xp(v)dv, B(p) =/Ub(v)xp(v)dv:

a(v) - Vaxp — <b(v)Vg;, V;C>Xp + S(v)Ovxp =: Ovg(z,v) «— “RHS"

e Entropy/renormalized ...solutions: RHS =8ym(z,v),m € MT



Entropy/renormalized ...solutions

RHS=0
—

d d
> 9 A5(p) = 30 050, Bjk(p) — S(p) = TeA)"
j=0 jik=1 €l0



Entropy/renormalized ...solutions

<77/(P6)7 zd: &chj(pe)— zd: 8£jkajk(pe)—S(pe)> — “<77/(:0€)7€A,06>h

j=0 jik=1 €l0
/ /
n'aj=: <A;7) n'bjr=: <B;'7k)
— h T a ~ negative measure if 1"”>0
2 ~ (X 77\
2 e AJ0) = 3 o Bi(0) i ()S() = Tel(p)Bp" <0
j= jik=

Owg(x,v) = a(v) - Vaxp — <b(v)Vg;, V;U>Xp + S(v)Fuxp



Entropy/renormalized ...solutions

<77/(Pe)» zd: O; Aj(pe)— zd: 8£jxk3jk(pe)—5(pe)> — “<77/(P<—:),6Ap€>v,

j=0 jk=1 €l0
/
n'a <An) n/bijZ <B7.7 )
— N - & ~ negative measure if n"">0
z v AT (p) — Z Oz 2, Bl(0) =1 (0)S(p) = “en'(p)Ap" <O
=0 —1

1 () (i, v) = 1f ()a(v)- Vaxp— (1 (©)b(0) Vi, Va )xpt (v) S (0) D

e for all convex n's: /n’(v)c%g(v)dv = ...

2 Uy
Zj 85E)7;Aj(p) Zj,’f axjikBj,k(p) —77/(/325(/))

Ve

[ @a) - Vaxp— [ (1 @Ib@)Te, Vadxp+ [ @0)S@)ax, <0

— ¢(v) is a nonnegative measure: g(v) = m(v) € MT

® measures entropy dissipation; supported on ‘shocks”



Kinetic examples: p(xz,v) = f(z,v) = Xp(a;)(v)
e Scalar conservation laws: p; 4+ Vi - A(p) =0, a(-) ;= A'(-)

® Kinetic formulation — Lions, Perthame, ET:

<at + a(v) ' VZC)f(xa t?”) — avm(x7t7 U)a m € M_I_

e Convection-(degenerate) diffusion equations:

pt+ V- A(p) —tr {Ve ® VuB(p)} = dvm(z,t,v), b():=B'()=0
® Kinetic formulation (no uniqueness)

<(9t + a(v) - Vi — (b(v)Vy, V;c>)f(a:, t,v) = Oym(x,t,v), mec MT
(0 Renormalized solution of Chen-Perthame, Souganidis, Karlsen, ...

e Ellipticeq’s: —tr{V:® VzB(p)} = S(p), b > 0, sgn(c)S(c) > 0, ...

® Kinetic formulation:

(— (b(v)Ve, Vi) + S(0)0) f(z,0) = Bum(z,v), me Mt



Velocity Averaging: 1/3
(a(v) - Vi = (b(v) Va, Vi) )X p(a) (v) = Bum(a, v)
L. (Vz,v)f(x,v) = RHS(z,v), k=1,2,...,
e Hyperbolic regularity: f(z,v) is as smooth as RHS(x,v)
e Averaging lemma: f(x) := /f(ac,v)dv is smoother

* Averaging in the microscopic scale v:
leads to gain of smoothness in the macroscopic scale x

e First-order L’'s: Agoshkov, Perthame, Golse, Lions, Gerard, ...
DiPerna-Lions-Meyer

Jabin, DeVore-Petrova, ..., Golse-Saint-Raymond,
Liu-Yu mixture lemma, Panov et. al.,...

Brenier, Lions-Perthame-ET, Souganidis, ...

e Second-order L's....



Velocity averaging 2/3: L. (Vg,v)f = RHS(xz,v)

RHS(&,v)

* Fw) = L.(&v)

: gain of regularity whenever L£,.(&,v) # O:

e Non-degeneracy Q5(§) := {v C L€ v)| < 5} |§25(£)| S <%)&, & ~ J

RHS(¢,v)
L.(&,v)

f@y= Y F- /195<g)(v)f(£,v)dv+ > F 10 (@)

€]~ T - €~ S

7

~~

by () - "8 (@)



Velocity averaging 2/3: L. (Vg,v)f = RHS(xz,v)

RHS(&,v)
L1.(&,v)

o f(£,v) = . gain of regularity whenever L£(&,v) 7% 0:

e Non-degeneracy Q5(&) := {v C L€ v)| < (5} |§25(£)| S <%)&, €] ~ J

RHS(&,v)

f(x) = F— 1 (v) f(€,v)dv + F~ 1 (v) dv
|§%J - / iy g |§%J . / 5 _ LrEv)
— "b" () + "gs" (z)
e Key point: ]-"_1/ ¢<£(%’”))f(g,v)dv:Lg — LP independent of §
5\ ~ ) §\qg 1
= IBsllze £ Wllzoceny (55)" > 185 lwequey < IRHS | pagany (55)

felP, RHSe L1 = p=Ffe WL, s=s(a,B,p,q) >0



Velocity averaging: 3/3

£(Vx,’0)f($,’0) — RHS! deg(£(£7 )) S ka f — Xp> RHS — avm

L, - ,
e The truncation property: ¢( (fs )) . L — P independent of §

L&, v)| < (5} < Const.(%)a, &l ~ J

e Non-degeneracy: mea,sv{v

(28 — k)

p — q T scrl
f€L|p:2,RHS—8vm,mEL|q:1 = feW?3(L"), s< S

o If deg(L(&,-)) = k < 2 then it satisfies the truncation property

i1st-order: L(&,v) = a(v) i€ (B=k=1), fe WS(LD), sa 5o T

2nd-order: £(£,v) = (b(v)&,&) (B=k = 2), T € WH(LL), sa = 522




Nonlinear conservation laws 1/2 (Lions-Perthame-ET)

pt+ Va - A(p) =0

e Kruzkov's entropy pairs:
n(piv) =lp—vl, Al =sgn(p—v)(4;(p) — A;(®)):

A"(p;v) —A”(O;v))]

atn(p; v) —n(0;v) .

2

m(t, z,v) ::—[ +Vzc'(

e Differentiate:

Ot X p(t.2) (V) Fa(V) Vax ;o) (v) = um(t,z,v) in D'((O, 00) X IR X IRy)

e Nonlinearity: mea,sv{v

Aw) €l <8h 26, Vgl =1

e Averaging: x,€L?, m & M:

= p(@,0) = [ Xpapy dv € W (LY), 50 = 504



Nonlinear conservation laws 2/2

pt + V- A(p) =0, mea,sv{v

A'(v) - €] < 5} < 5o

pe WSt s=

20+ 1

e Examples of regularizing effects: p € W5(LY):

. 1 1
Orp + (sin(p))ay + (5p7)2 =0 — 5 < ¢

|7 + &1 cos(v) +£2v2| <§— a=1/4

1 1

m 14 — N i
0w+ (pI"P)es + (ol P)ry =0 — s <min{———,

}, m 7= /£



Nonlinear conservation laws 2/2 (continued)
e Propagation of oscillations:

p> p>
® Lack of compactness: 2D Burgers pt + (5)z; + (55 )z, = O:

® linearized symbol &g + &1v +&v =0, V& 4+ =0, =0

® po(x —y) are steady solution - oscillations persist along x1 — x> = const.

(© Not BV optimal; but % optimality w/a = 1 - De Lellis & M. Westdickenberg



Nonlinear parabolic equations 1/4 (ET-Tao)

Op+ V- Alp) =Y 95 2, Bjx(p) =0, a:=A', b:=B'>0

e Kinetic formulation for f = xp:

orf +a(v) -Vaef — (b(v)Vg, V) f = Opym, m:mA—I—mBE./\/l+

< He

Y

e Non-degeneracy:

{o: Ir+a@) - + [b)e. ) < 5

® Parabolic degeneracy ... A\1(v) > X(v) > ... An(v) >0

|{v Ay (w)] < (5}| S04 = p(x,t) € W%(Ll), t> €

2
Porous media:  pr+A(p" 1) =0, b)) ~ o™ — p e Wnt2(LY)

e Beyond the isotropic cases ...



Nonlinear Convection diffusion 2/4 (ET-Tao)

9 Of 1 41 SN O T _
mp@ao+¢h{e+lp @ao} aﬁ{n4_ﬁ9 (ux»}-a

has a regularizing effect of order s:

Vt> e po € LO(Rs) > p(t,-) € Wi, (IRy)

2

n + 21
® If n > 2¢ then nonlinear hyperbolicity dominates: s = ——

{42

® If n < /£ then degenerate diffusion dominates: s =

® Intermediate regularization ¢ < n < 2¢:

_ n+(20-n)
T o 2(l—n)C+nl’

n
=—_1
C=



Nonlinear parabolic equations 2/4 (continued)

e Study the degenerate set

wr(J;6) = Q05 0)|,  z(J;9) :={v: |L(7,&,v)| <6, 72+I£|2~J}

Qp(7;5) = {v Tl + o] + J2|o|me2 < 5}, Pa2=1,721,651.

® case #1: dominated by the diffusive part, when n < /:
Qp(J;8) C o= {v: " <8/J%} — we(J;68) £ (8/T2)H"
a=1/n, =2

® case #2: dominated by the convective part, when n > 2/:
Q(J;8) C Qo :={v: 36/} — we(J;8) 3 (6/T)V/¢

a=1/4, =1



Nonlinear parabolic equations 2/4 (final)
® intermediate cases #3: ¢/ < n < 2¢ interpolate ...

e Bootstrap argument p € W9(L1):

peWsl =y, e WS NL® = x, e W*2, SH(1—9)§+1~¢9

2k6
E W871, - @
P T 140

® LP-initial data (nonlinear interpolation w/L1l-contraction)

s < ka
(2a+1)p

S(t):po € LPNL— Wl L p>1



Non-isotropic diffusion 3/4 (ET-Tao)

o 0 (1 41 0 {1 1 _
8tp(t’x)+8x1{€—|— 1'0 (t,a:)} T 8x2{m—l—1p (t,a:)}

2 82
B j,kzz:l Ga;]é?a:k

Bji(p(t,2)) = 0
with non-degenerate diffusion, B'(v) > |v|™:

o W5l-regularity, V¢ > ¢: pg € L®(IRz) — p(t,-) € Wlf)’j(IRx):

(min{ 1 L
¢+2"m-+2

} ifn>2max({,m)+1and £#+=m
s < 3
ifn<min(4,m) or{=m

| n+2



Fully-degenerate case 4/4 (ET-Tao)

%p(t’x) + (ailJraig){eile(t’x)}

02 02 02 1
(== _» — nt1lg } = 0,
(83:% 0xr10xo T 83:%) {n -+ 1'0 (t, )

® lack of regularity on hyperbolic and parabolic parts:

B G G |
ﬁp(t,w) + (a—xl + 8—332)'0 =0:  po(z—y)

5, 52 52 52
—o(t,x) — (—= — 2 —— |p=20":
875'0( z) (83:% 0x10xo N 83@%)'0 polz +y)

Full equation admits WS 1-regularizing effect of order s = s(¢,n):

6
242n—/¢

ifn>20: s(l,n)=



Degenerate elliptic equations

— 302 . Bir(p) = S(p), b:= B >0, sgn(c)S(c) < Cy

e Kinetic formulation for f = x,:

(— (b()Ve, Vi) + S(0)8y ) f = dom, me Mt

e Non-degeneracy: |§25| S 0%, Q5= {v : [{(b(w)E,8)| < (5}

e Interior regularity of L°°-solution p € D'(G):

)

s,1 .
p(2) € Wie (G1), s <min (o, 5=~

e Beyond the isotropic cases ...



Final notes

e Nonlinear conservation laws

» Convergence on unstructured grids:

L1 contraction w/no BV bound (Noelle, Westdickenberg, ...

® Compactness and nonlinearity in multiD case:
Compensated compactness vs. kinetic formulation
» Convergence towards steady state: (E, Engquist, ...)

e Entropy/kinetic solution of elliptic equations

e Improved regularity: the first order case (s> 1/3)
e Improved regularity: the second-oder dissipation

e What about equations of order> 27

e Systems: multivalued solutions,
(Lions, Perthame, Souganidis, ET, Brenier, ...)
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